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ANALYTIC ATOMIC SCREENING PARAMETERS 
FOR SLATER TYPE ORBITALS 

Keywords: General  Theory of E l e c t r o n i c  S t r u c t u r e  

H. 0. D i  R o c c o  

I n s t i t u t o  d e  F i s i c a  Arroyo Seco, F a c u l t a d  de C i e n c i a s  

E x a c t a s ,  Univers idad  Nacional del Cent ro .  P i n t o  399, 

7000 Tandi 1 and Conse j o N a c i  ona l  d e  I n v e s t i  gac i  ones  

C i e n t i f i c a s  y Tbcnicas .  Argent ina .  

ABSTRACT 

Screen ing  pa rame te r s  t o  be  used  i n  Slater Type 

O r b i t a l s  w e r e  o b t a i n e d  i n  a n a l y t i c  f o r m .  The v a l u e s  

compared w e l l  w i th  t h e  numerical  r e s u l t s  g iven  by 

Clementi and R o e t t i  Cafter a l a b o r i o u s  p r o c e s s  of 

o p t i  m i  z a t i  on> and wi th  t h e  phenomenol og i  cal values of 

Jung and Gould. The a n a l y t i c  f o r m u l a t i o n  is based on 

t h e  s p l i t t i n g  of t h e  t w o - b o d y  o p e r a t o r  l / r  as t h e  sum 

of e f f e c t i v e  one-body o p e r a t o r s .  
S l  

1. - INTRODUCTION 
The a c c u r a t e  d e s c r i p t i o n  of many-electron a t o m s  

can  be made a f t e r  s i m p l i f y i n g  approx ima t ions ,  such  as 

t h e  Independent  P a r t i c l e  and t h e  Cen t ra l  F i e l d  

Approximations. I f  wave f u n c t i o n s  are expres sed  i n  

1573 
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1574 DI ROCCO 

numerical  f o r m .  w e  have  t h e  Self-  C o n s i s t e n t  F i e l d  

Hartree-Fock method Cl.23. On t h e  o t h e r  hand, 

Roothaan-Hartree-Fock C R H F I  or Analytic SCF 
wavefunct ions  are approximat ions  t o  convent iona l  HF’s 

ones  i n  which t h e  r a d i a l  a t o m i c  o r b i t a l s  are expanded 

as a f i n i t e  s u p e r p o s i t i o n  of p r i m i t i v e  r a d i a l  f u n c t i o n s  

[ 31, I n  g e n e r a l ,  RHF f u n c t i o n s  have  been expanded i n  

t e r m s  of nodeless  Slater Type Orbitals CSTOI. 

S o m e t i m e s  h i g h l y  a c c u r a t e  w a v e  f u n c t i o n s  are n o t  

r e q u i r e d  and  an  approximate  wave f u n c t i o n  c a n  be 

u s e f u l  . For s u c h  approximate  desc r  i p t  i on of 

many-electron a t o m s  i n  a n a l y t i c  r a t h e r  t h a n  numerical  

f o r m ,  Screened  Hydr ogeni  c Or b i  t a l  s I 1 -31 and S O ’  s 

C7-101 can  be used.  

There is a cop ious  l i t e r a t u r e  abou t  t h e  STO’s. 
Several r u l e s  w e r e  proposed t o  compute t h e  s c r e e n i n g  

pa rame te r s  e i t h e r  f r o m  s p e c t r o s c o p i c a l  f i t t i n g s  C71, 

phenomenologica l ly  C 101. or from SCF c a l c u l a t i o n s  C 8 1 .  

The c a l c u l a t i o n  of good s c r e e n i n g  c o n s t a n t s  and t h e n ,  

e n e r g i e s  and w a v e  f u n c t i o n s  can  be v e r y  u s e f u l  because  

t h e  t r e a t m e n t  is a n a l y t i c a l  r a t h e r  t h a n  numer ica l ;  on 

t h e  o t h e r  hand, t h e  a n a l y t i c a l  STO’s c a n  also be used  

as s t a r t i n g  w a v e  f u n c t i o n s  i n  t h e  H F  c a l c u l a t i o n s .  

Slater 173 and Jung and Gould C101 assume t h a t  

t h e  ene rgy  l e v e l s  Cmeasured i n  Rydbergsl are r e l a t e d  t o  
t h e  s c r e e n i n g  c o n s t a n t s  by t h e  r e l a t i o n s  

and 

E %I EL c13 

E. = -C z-si> ‘/ni2 c 2> 

bu t  t h i s  is  n o t  what Clementi and c o w o r k e r s  C81 

assumed; i n  t h e i r  work, t h e  co r re spond ing  s c r e e n i n g  

pa rame te r s  are t h e  best exponents  t o  be used i n  

node1 ess b a s i s  set f u n c t i o n s .  Rough1 y speak i  ng , a1 1 
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ANALYTIC ATOMIC SCREENING PARAMETERS 1575 

t h e s e  s c r e e n i n g  c o n s t a n t s  have been o b t a i n e d  f r o m  

numerical  f i t t i n g s .  

An a n a l y t i c  approach w a s  used  by B e s s i s  and 

B e s s i s  C Q I  where. u s i n g  s i m p l e  mathematics  and wi thou t  

any  f i t t i n g  c o n s i d e r a t i o n s ,  derived e x p r e s s i o n s  for t h e  

s c r e e n i n g  c o n s t a n t s  t h a t  reproduced  t h e  t r e n d  of 

Clementi and R o e t t i  for S i n g l e  2 f u n c t i o n s  C 8 3 .  

Developing l/r i n  T a y l o r ' s  series t o  t h e  f i r s t  

o r d e r  i n  l /r and l / r t  around mean v a l u e s  C l / r  1 and 

C l / r t > o .  B e s s i s  and B e s s i s  o b t a i n e d  Cin  our  n o t a t i o n >  

ot  

e s o  

I n  order t o  t a k e  i n t o  accoun t  t h e  l dependence 

of t h e  r a d i a l  p a r t  of t h e  o r b i t a l s ,  t h e  a u t h o r s  

i n t r o d u c e d  t h e  parameter  

x = E 3n 2 - lLC tL+l 3 1 /I 3ns2-.lsC ts+l > 3 
St L 

c 43 

which is a measure of < r  >/<rs> between unscreened  

hydrogenic  f u n c t i o n s .  F i n a l l y .  for t h e  orbital s, t h e  

s c r e e n i n g  c o n s t a n t  r e s u l t s  

t 

C l + X  23-s'2 %= c st 

sS 
o b t a i n i n g  i n  p a r t i c u l a r  a c o n t r i b u t i o n  t o  
o r i g i n a t i n g  f r o m  a n  e l e c t r o n  t of t h e  s a m e  s u b s h e l l  

equa l  t o  */4 i r r e s p e c t i v e  of t h e  c o n f i g u r a t i o n .  

I n  our  w o r k  we arrive to a n  a n a l y t i c  f o r m u l a t i o n  

for SnL based on t h e  s p l i t t i n g  of t h e  two-body o p e r a t o r  

l/rst as t h e  sum of effective one-body operators. T h i s  

t u r n s  o u t  from t h e  assumption t h a t  t h e  v i r i a l  can  be  

used as a p o t e n t i a l  ene rgy  operator for closed many 

p a r t i c l e  s y s t e m s  governed by Coulomb forces C4.51. 
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1576 DI ROCCO 

W e  r e m a r k  t h e  fact  t h a t ,  as i n  t h e  B e s s i s - B e s s i s  

or t h e  Clementi-Roetti r u l e s .  our screening cons tan ts  

are not r e l a t e d  t o  t h e  energy l e v e l s  through eqs. 

C 1 -23 and an  or thonor m a 1  i z a t  i on procedure must be 

c a r r i e d  out .  

Making s o m e  cons idera t ions .  t h e  values  f r o m  

Jung and rauld Cthat  are r e l a t e d  t o  t h e  energy levels 
through eqs. Cl-231 are reproduced within a few 

per c e n t .  

2. - THE SCREENED SLATER ORBITALS 

Analyt ic  w a v e  f u n c t i o n s  for many e l e c t r o n  atoms 

are cons t ruc ted  from s i n g l e  t e r m  b a s i s  f u n c t i o n s  of t h e  

form 1101 

C 6> 

where a des igna tes  t h e  quantum numbers Cn,Z.m> which 

have t h e  s a m e  meaning as i n  hydrogenic f u n c t i o n s  and C 
is a parameter which. i n  terms of t h e  screened 2. is 

given by 

c 7> < =C Z-SnL> /n. 

The f u n c t i o n  C63 is normalized, t h a t  is. 

Jlxal' dr = 1 C 8> 

but  t h e  f u n c t i o n s  are orthogonal o n l y  i n  t h e  sense  

C Q> * Jx, x,,dr = Iaa'bll'bmm' 

where. a f t e r  elementary i n t e g r a t i o n  
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ANALYTIC ATOMIC SCREENING PARAMETERS 1577 

Cn+n’3 ! > n+i/z 
, -c c 2< > c 2[ ’ > n’+*’Z 

t C C + C  ’3n+n’+i C C Z ~ >  ! ~ 2 n ’ > !  I”’> 
Iaa  - C l O >  

To preserve  or thogonal i ty .  w e  must cons t ruc t  t h e  

w a v e  func t ion  from l i n e a r  combinations of t h e  x * S  a 
*o= 2 CcraXa c 1 1 >  

using t h e  Gram-Schmidt procedure; t h e  var ious  C ’ s  are 

f i x e d  by normalizat ion and or thogonal iza t ion  1113.  

3. OUR APPROACH 

Usi ng t h e  vi r i a1 

w = 1 r iFL= - C 1 / 2 3 1  r . V , W  C r o , .  . . , r . ,  . . . r > c12> 
L L P  N 

a s  t h e  atomic model p o t e n t i a l  energy o p e r a t o r ,  t h e  

two-body operator  l /r is rep laced  by t h e  sum of 

e f f e c t i v e  one-body o p e r a t o r s  as i n  Eq. C31 C4-61. Hence 

formally,  t h i s  approach is equiva len t  t o  t h e  f i r s t  

order  development made i n  R e f .  C 91 but  now g and ft,. 
t h e  ex terna l  and i n t e r n a l  sc reening  parameters 

r e s p e c t i v e l y ,  are def ined  i n  t e r m s  of d q z  (XaCr3l2dVL 

by 14-01 

01 

st 

C133 

and s i m i l a r l y  for f t p  by in te rchanging  s and t. Using 

t h e  approach given i n  Ref. 1 8 1  f o r  t h e  hydrogenic 

o r b i t a l s  t o  t h e  S O ’ S  given by Eq. C63, i t  is easy  t o  

show, using t h e  w e l l  known p r o p e r t i e s  
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1578 DI ROCCO 

C141 

t h a t  got and f t p  are now independent of t 
equal r e s p e c t i v e l y  t o  

and 2, and 
0 

Q S t  

and 
zn -I zn +I t C2ns+j>! 

f to  = C y / C y + l > I  j!C2n > !  L I / C y + l > l j }  C 1 7 3  

where y=Z n LZ n . Screening parameters are given by 
0 1  1 s  

C 1 8 >  

where 4,. qj a r e  t h e  occupat ion number of t h e  

r e s p e c t i v e  Csub3 s h e l l s .  

Up t o  t h i s  p o i n t ,  s c reen ing  parameters for 

s u b s h e l l s  of a given p r i n c i p a l  quantum number n w i l l  be 

e q u a l ,  hence fo r th  it is  necessa ry  to i n t roduce  t h e  

&dependence. For unscr eened h ydr ogeni c or b i  tal  s , a 

measure of r /r is given by 
t 8  

c193 
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ANALYTIC ATOMIC SCREENING PARAMETERS 1579 

and a f i r s t  a t t empt  t o  choose  a measure of r /r is  t o  

f o l l o w  t h e  e l e c t i o n  of B e s s i s  and B e s s i s  C s e e  Eq. C431 

but  i t  is p o s s i b l e  t o  show. u s i n g  Screened  Hydrogenic 

Orbi ta ls  C4-61 t h a t  a good measure of rL/rs better t h a n  

eq .  C43 is: 13 for t h e  o rb i t a l s  w i t h  p r i n c i p a l  quantum 

numbers n 5 Cnmax-23 and n I Cn 

t s  

-2> 
e L mcru 

and ii> when one  or bo th  of t h e  orbi ta ls  have n > 
Cn -23 

max 

x P C 3n:+C 2/30] t ,C  tt+l > 1 /C 3n:+C 2/30] C,C ls+l 3 1 c21> 

Z be ing  t h e  atomic number. 

Using t h e s e  v a l u e s  of x and t h e  r e l a t i o n  

y=Cn /n 3x i n  Eqs. C l 6 - 1 8 1  w e  o b t a i n  s c r e e n i n g  

pa rame te r s  t h a t  follows t h e  v a l u e s  of Clementi and 

R o e t t i  C81 f o r  S i n g l e  Z Func t ions  and t h e  v a l u e s  of 

B e s s i s  and B e s s i s  C91. Furthermore.  for orbi ta ls  w i t h  

n- t= l .  w e  o b t a i n  t h e  one  parameter  v a r i a t i o n a l  v a l u e s  

C S  =5/16, S =93/256. e t c . 3 .  

S L  

is ZP 

RESULTS 
S i n c e  t h e  a p p l i c a t i o n  of t h e  Eqs. Cl6-183 and 

C20-213 is s t r a i g h t f o r w a r d ,  w e  g i v e  n o t  h e r e  a n  

e x t e n s i v e  table of t h e  orbital  exponents  C. As a n  

example. w e  compare our  v a l u e s  of C ' s  for  n e u t r a l  X e  

w i t h  t h o s e  o b t a i n e d  by u s i n g  t h e  method of B e s s i s  and 

B e s s i s  and t h e  Clement i -Roet t i  SCF ones  i n  Tab le  1. 

I n  T a b l e  2 w e  compare our a n a l y t i c  s c r e e n i n g  
c o n s t a n t s  rounded t o  t w o  d i g i t s  t o  t h e  phenomenological 

c o n s t a n t s  of Jung and Gould C101. A l i k e  t h a t  w o r k .  w e  
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1580 DI ROCCO 

TABLE 1 

Comparison between a n a l y t i c  C A 3  and numerical CN> 

screening parameters C=CZ-9/n for neutral X e .  

Orbital This work R e f .  8 R e f .  Q 
C A 3  C N> C A 3  

1s 53.30 52. Q2 53.43 

2s 22.80 19.90 23.45 

2P 24.48 84. Q2 24.27 
3s 11.00 11.86 11.67 

3P 11.46 11.89 12.14 

36 12.72 13.31 13.16 

4s 6.73 8.54 5.79 

4P 6.19 6.24 6.02 

46 5.21 5.47 6.50 

5s 2.86 2.84 2.88 

5P 2. 41 2. 48 2.98 

TABLE 2 
Comparison between our screening constants  C upper 

va1ues)wit.h t h o s e  from R e f .  ClOl Clower values3.  See 

is t h e  text where t h e  obtent i en  of 

expl ai ned. 
sz. and s30 

Screening 

Screened 1s 2s 2P 3s 3P 

I s  0. 31 

0. 31 

2s 0.90 

0.90 

2P 0. Q2 
0.95 

3s 1.00 

1.00 

3P 1.00 

1.00 

0 

0 

0.27 
0.25 

0. 27 

0.25 

0. 83 

0 .  90 

0.85 

0 .  95 

0 

0 

0.36 

0.34 

0.36 

0.34 

0.80 

0.80 

0.81 

0.95 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0.29 0. 39 

0.25 0.34 

0.29 0.39 

0.25 0.34 
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ANALYTIC ATOMIC SCREENING PARAMETERS 1581 

m u l t i p l y  our  S v a l u e s  by 0.75 t a k i n g  i n t o  accoun t  

t h a t  a measure of t h e  s c r e e n i n g  by electron d would be 

t h e  cha rge  i n t e r i o r  t o  r :  

ns,ns 

r 
N L r 3  = P ZCrIdr 

b o d  
c 223 

and f o r  hydrogenic  w a v e  f u n c t i o n s  and r % n2/CZ-.S3, 

ra t io  NnS/N is abou t  t h a t  v a l u e  C101. 

t h e  

"P 
With t h e  v a l u e s  of Tab le  2, b ind ing  e n e r g i e s  of 

K s h e l l  w i l l  be i n  good agreement  b o t h  w i t h  expe r imen t s  

and m o r e  ref i ned approaches .  Accura t e  c a l c u l a t i o n s  f o r  

t h e  L and M s h e l l s  are m o r e  complex, and a s a m e  set of  

s c r e e n i n g  c o n s t a n t s  canno t  give good r e s u l t s  for a 

l a r g e  r ange  of e lements .  When compared wi th  t h e  v a l u e s  

of R e f .  C l O l  our  b i n d i n g  e n e r g i e s  of t h e  M s h e l l  for 

A r ,  C1 and S are closer t o  t h e  expe r imen ta l  ones  b u t  

t h i s  is no t  t h e  case for l i g h t e r  e lements .  

CONCLUSIONS 

I n  conc lus ion ,  w e  have  o b t a i n e d  a n a l y t i c  

s c r e e n i n g  parameters  t o  be used  i n  STO's t h a t  f o l l o w s  

c l o s e l y  t h e  t r e n d s  g i v e n  by Clementi  and R o e t t i  for 

S i n g l e  Zeta Func t ions  a f t e r  a l a b o r i o u s  p r o c e s s  of 

o p t i m i z a t i o n .  Our method is  v e r y  s imple  and f a s t :  

s c r e e n i n g  c o n s t a n t s  for n e u t r a l s  and i o n s  and t h e  

c o n s t a n t s  of t h e  o r t h o n o r m a l i z a t i o n  p rocedure  are 

o b t a l n e d  a u t o m a t i c a l y  u s i n g  a small PC. Although i t  is 

w e l l  known t h a t  the S i n g l e  Zeta Func t ions  are n o t  as 

a c c u r a t e  as a H F  Cor RHF> f u n c t i o n .  t h e  orbital  

exponents  are of p h y s i c a l  i n t e r e s t  s i n c e  t h e y  p r o v i d e  a 

s i m p l e  and q u a n t i t a t i v e  d e s c r i p t i o n  of  t h e  e l e c t r o n  

scr e e n i  ng . 
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1582 DI ROCCO 

Furthermore. t h e  sc reen ing  c o n s t a n t s  de r ived  

phenomenol ogi cal l  y i n Ref C 1 0 1  can be reproduced 

whithin a few pe rcen t  and t h e r e f o r e .  binding e n e r g i e s  

of K. L Cspecial ly3 and M s h e l l s  w i l l  be i n  many cases 

i n  q u a l i t a t i v e  agreement both with experiments and more 

r e f i n e d  c a l c u l a t i o n s .  

W e  f i n i s h  t h i s  paper t o  s t r e s s i n g  aga in  t h a t  our 

s c reen ing  c o n s t a n t s  do not imply t h e  e x i s t e n c e  of eqs.  

Cl3 and C23 and t h e  or thonormalizat ion procedure must 

be  c a r r i e d  ou t .  
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